Abstract For a positive integer k ≥ 2, the kth-order slant weighted Toeplitz operator
essentially λ-Toeplitz operators, λ ∈ C, the set of all complex numbers (see the references [2] [3] [4] [5] [6] 11, 17] and the references therein). Shields [20] , during his study of multiplication operators and the weighted shift operators, discussed weighted sequence spaces which have the tendency to cover Hardy spaces, Bergman spaces and Dirichlet spaces. We begin with the following notational familiarity needed in the paper.
Let β = {β n } n∈Z be a sequence of positive numbers with β 0 = 1, r ≤ β n β n+1 ≤ 1 for n ≥ 0 and r ≤ β n β n−1 ≤ 1 for n ≤ 0, for some r > 0. Let f (z) = ∞ n=−∞ a n z n , a n ∈ C, be the formal Laurent series (whether or not the series converges for any values of z). Define f β as
The space L 2 (β) consists of all f (z) = ∞ n=−∞ a n z n , a n ∈ C for which f β < ∞. The space L 2 (β) is a Hilbert space with the norm · β induced by the inner product f, g = ∞ n=−∞ a n b n β n 2 ,
for f (z) = ∞ n=−∞ a n z n , g(z) = ∞ n=−∞ b n z n . The collection {e n (z) = z n /β n } n∈Z forms an orthonormal basis for L 2 (β) .
The collection of all f (z) = ∞ n=0 a n z n (formal power series) for which f 2 β = ∞ n=0 |a n | 2 β n 2 < ∞,
is a Banach space with respect to · ∞ . H ∞ (β) denotes the set of formal power series φ such that φ H 2 (β) ⊆ H 2 (β). In [20] , Shields discussed various properties of the operator M
, which we call as weighted Laurent operator. We refer [20] as well as the references therein, for the details of the spaces [18] , in the year 2005, discussed the notion of weighted Toeplitz operator
e n and W e 2n−1 = 0 for n ∈ Z, are discussed in [4] and are named as slant weighted Toeplitz operators. For a positive integer k ≥ 2, let W k be the operator on L 2 (β) given by
(see [5] ). The second-order slant weighted Toeplitz operators U Motivated by the direction of study made by Liu and Lu [19] along with mathematicians whose papers are referred in the paper, we discuss the above-mentioned questions for slant weighted Toeplitz operators on L 2 (β). If we assume β n = 1 for each n, then our results provide results for kth-order slant Toeplitz operators, quite of which are proved in [19] . We derive a relation among the symbols of two kth-order slant weighted Toeplitz operators on L 2 (β) so that their product is a kth-order slant weighted Toeplitz operator on L 2 (β).
The algebra of all bounded operators on the Hilbert space L 2 (β) is denoted by B(L 2 (β)). We say that operators A and B essentially commute if AB − B A is a compact operator.
Commutativity
We recall the following definitions.
e n and W e 2n−1 = 0 for n ∈ Z.
Definition 2.2 [5] A kth-order slant weighted Toeplitz operator
It is evident to see that 
where
Further, it is easy to prove the following.
Proposition 2.3 Let k 1 and k
. This follows as for each integer n,
The following is obvious from here.
Corollary 2.4 Let k 1 and k 2 be integers with min{k
1 , k 2 } ≥ 2. Then W k 1 W k 2 = W k 2 W k 1 .
We utilize the above results and the fact that if
(see [6] ) to conclude that the product of two slant weighted Toeplitz operators of different order is again a slant weighted Toeplitz operator.
In [14] , it is shown that, in case
. This helps to provide the following.
Theorem 2.5 Let k
Proof Result follows as
An immediate observation using Theorem 2.5 is the following.
} is bounded ensures that the space S k 2 (β) is closed (see [14] ). Rest of the proof is immediate using Theorem 2.5. Now we can conclude from Theorem 2.5 that two kth-order slant weighted Toeplitz operators, in general, do not commute. In fact, we have U
It can be seen through a straightforward computation that if U 0 , which provides that a j = b j for each j ∈ Z. This implies that φ = ψ. As a consequence, the mapping φ → U β k,φ is one-one between L ∞ (β) and B(L 2 (β)), which is also shown in [6] . Linearity of this mapping implies that, in this case, φ = ψ = 0. We extend this result to obtain the following. 
Theorem 2.7 Let φ ∈ L ∞ (β) and m = k. Then U β k,φ is a mth-order slant weighted Toeplitz operator on L 2 (β) if and only if
Thus, a n → 0 as n → ∞, and this helps us to conclude that a 0 = a 1 = . . . , a k|k−m|−1 = 0. As a consequence of this (2.2) helps to provide that a n = 0 for each n ∈ Z, which gives that φ = 0.
The converse is straightforward.
Theorems 2.5 and 2.7 suggest the following without any extra effort.
ψ is a kth-order slant weighted Toeplitz operator if and only if one of the following holds:
The following information about the kth-order slant weighted Toeplitz operator, which is shown in [3] , can be justified from here on replacing k 1 and k 2 by k.
(1) Product of two kth-order slant weighted Toeplitz operators can not be a non-zero kth-order slant weighted Toeplitz operator. (2) No non-zero kth-order slant weighted Toeplitz operator can be an idempotent.
Corollary 2.10
Then we have the following.
We need the following result [13, Lemma3.6 ] to proceed ahead.
. Now result follows as the mapping φ → U β k,φ is one-one. The forward part of the particular case follows using Lemma 2.11 and its converse is trivial.
Continuing on in the same vein, we state another result, which provides a result analogous to Corollary 2.9.
Theorem 2.13 The operator W
k U β k,φ , φ ∈ L ∞ (β),
is a kth-order slant weighted Toeplitz operator if and only if
This on taking n = 0 provides a i = b i and hence for each i ∈ Z, we have a k−i = a k 2 −i = a k 3 −i = · · · . As a n tends to zero as n → ∞, we get that φ = 0. The converse is apparent.
If the sequence β = {β n } is such that {
and hence Theorem 2.13 delivers the following. 
Compact and essentially commuting operators
The aim of this section is to investigate the compact kth-order slant weighted Toeplitz operators on L 2 (β) and conditions for two kth-order slant weighted Toeplitz operators on L 2 (β) to essentially commute. To discuss the compactness of the operators, we consider the transformation V k on L 2 (β) given by V k e n = β kn β n e kn for each n ∈ Z. It is a bounded operator if the sequence β = {β n } is such that { β kn β n } is bounded. For more properties and applications of this operator, we refer [13, 14] . A simple computation using the definition of the symbols gives the following. ( Another result that we get immediately from here in the light of Theorem 2.5 (or Corollary 2.6) is the following. 
